1 , we present an order-theoretic version of the Cantor theorem. This result, which is based on the interplay of the notions of partial order and of completeness, permits to give a unified and simplified account to a long list of results related to the BishopPhelps theorem. We survey briefly only its simplest applications and refer the reader to [10] for a complete presentation of the results.
ascending and convergent sequence x 0 x 1 · · · x n · · · such that lim n→∞ x n ∈ ∩ n∈N T x n .
Proof. The point x 0 being given, we first choose x 1 ∈ T x 0 such that diam(T x 1 ) ≤ 1. Assume that we have an ascending finite sequence x 0 x 1 · · · x n such that diam(T x k ) ≤ 1/k for 0 < k ≤ n. Choose x n+1 ∈ T x n such that diam(T x n+1 ) ≤ 1/(n + 1). By induction, we have an increasing sequence {x n } n∈N with diam(T x n ) ≤ 1/n for each n > 0. The sequence of sets {T x n } n∈N is clearly decreasing, so by the Cantor Theorem there exists a pointx ∈ X such that {x} = ∩ n∈N T x n . Obviously,x = lim n→∞ x n . Proposition 2. Let (X; d, ) be a partially ordered complete metric space which admits arbitrarily small tails and f : X → X an expanding continuous map. Then for each x 0 ∈ X there exists a fixed pointx = f (x) of f witĥ x ∈ T x 0 .
Proof. Given x 0 ∈ X, take a convergent ascending sequence x 0 x 1 · · · x n · · · with lim n→∞ x n =x ∈ ∩ n∈N T x n and diam(T x n ) ≤ 1/n for each n > 0. We have x n f (x n ) for each n ∈ N and therefore f (x n ) ∈ T x n . It follows that the sequence {f (x n )} n∈N converges tox and by continuity that x = f (x).
We now come to our main concept. Definition 1. We say that (X; d, ) is a partially ordered Cantor space (or simply a Cantor space), provided (i) tails are closed, (ii) (X; d, ) admits arbitrarily small tails and (iii) d is complete.
The main property of Cantor spaces is given in Theorem 1 (Order-theoretic Cantor theorem). Let X = (X; d, ) be a Cantor space. Then :
(ii) X contains at least one maximal element.
Proof. (i) is obvious from the definitions involved; (iii) and (iv) follow clearly from (i) and (ii). It thus remains to verify that (ii) is true. The existence in X of a maximal element follows from Proposition 1. Indeed, let x 0 x 1 · · · x n · · · be an ascending sequence which converges to a point x such thatx ∈ ∩ n∈N T x n . We claim thatx is maximal in X: for, if z x, then z x x n for each n ≥ 0, so z ∈ ∩ n∈N T x n and therefore z =x. This completes the proof.
Bishop-Phelps Theorem
Following Bishop-Phelps, we introduce the following: Proof. Clearly, for the proof, we may assume that λ = 1. (i) Letting x ∈ X and ε > 0 be given, we choose an element y ∈ T x so that 
for any x = x * .
Proof. Let T x 0 ⊂ X ϕ,λ be the tail containing a given element x 0 in X; by Proposition 3, T x 0 is a Cantor space, and thus our assertion is an immediate consequence of Theorem 1.
Applications to Fixed Points
Let us say that a function F : X → X defined on a metric space (X, d) fulfils Caristi's condition with respect to a given function ϕ :
If it is clear from the context which function ϕ is involved, we will simply say that Caristi's condition holds. Notice that if ( * ) holds with respect to a function ϕ : X → R which is only assumed to be bounded below, then it obviously holds with respect to ϕ − inf x∈X ϕ(x). So, there is no loss of generality if ϕ is assumed to be positive instead of bounded below. We establish now a version of the Caristi-Brøndsted theorem (cf. [3] and [5] ). Proof. Consider the Cantor space X ϕ and note that the estimate ( * ) means that F : X ϕ → X ϕ is expanding with respect to the partial order ϕ . Now, by the introductory remarks on expanding maps, and because a tail T x 0 ⊂ X ϕ is a Cantor space, the conclusion follows. Proof. We have seen that X ϕ admits arbitrarily small tails and that the estimate ( * ) means that F : X ϕ → X ϕ is expanding with respect to the partial order ϕ . Now, the conclusion follows from Propositions 1 and 2.
The order-theoretic Cantor theorem is equally useful for dealing with multivalued maps. Following W. Takahashi [15] , we give the multivalued extension of Caristi's theorem and then establish Nadler's fixed point theorem for setvalued contractions. From this we get
If is chosen such that (1 + ) −1 > α, then ϕ is continuous and bounded below. Furthermore, we have just shown that for any x ∈ X, x ϕ y (x) and y (x) ∈ Fx.
Let x * be a maximal element for the partial order ϕ . From x * ϕ y (x * ) we get x * = y (x * ), and therefore x * ∈ Fx * . 
Applications to Geometry of Banach Spaces

Theorem 7 (Daneš [7]). Let A be a closed subset of a Banach space E, let z ∈ E − A, and let B = B(z, r) be a closed ball of radius 0 < r < d(z, A) = R. Let F : A → A be any map such that F (a) ∈ A ∩ D(a, B) for each a ∈ A. Then for each x ∈ A, the map F has at least one fixed point in A ∩ D(x, B).
Proof. We can assume z = 0. Let x = ≥ R and let X = A ∩ D (x, B) ; clearly, F maps X into itself and we shall develop an expression for x−F (x) on X.
Given y ∈ X, there is a b ∈ B with F (y) = tb
Thus,
Therefore, applying the Theorem of Caristi with
the result follows.
As a consequence, we obtain 
Applications to Critical Point Theory
Let ϕ : X → R be a real-valued function 2 on a metric space X with a finite η = inf{ϕ(x) | x ∈ X}. Recall that a minimizer (resp. a strict minimizer) of ϕ is an element x 0 ∈ X with ϕ(x 0 ) = η (resp. such that the relation ϕ(z) ≤ ϕ(x 0 ) implies z = x 0 ). A sequence {x n } in X for which ϕ(x n ) → η is called a minimizing sequence for ϕ.
Theorem 9 (Ekeland [9] ). Let (X, d) be complete and let ϕ : X → R be a lower semicontinuous function with finite lower bound η. Let {x n } be a minimizing sequence for φ and λ n = (ϕ(x n ) − η) 1/2 . Then there exists a minimizing sequence {y n } for ϕ such that for any natural n we have :
(ii) y n is a strict minimizer of the function ϕ n : X → R given by Proof. We first describe the construction of {y n }. For a given natural n, consider the space X ϕ,λ n , where λ n = (ϕ(x n ) − η) 1/2 . By the Bishop-Phelps theorem applied in X ϕ,λn for the point x n , there exists an element y n in X ϕ,λn such that (a) x n ϕ,λ n y n and (b) y n is maximal in X ϕ,λ n . We now show that y n and the function ϕ n defined in (ii) have the properties (i)-(iii).
Indeed, the relation x n ϕ,λ n y n in X ϕ,λ n translates into the estimate
and gives
which (by the definition of the order in X ϕ,λ n ) gives y n ϕ,λ n z. Since y n is maximal in X ϕ,λn , the last relation implies y n = z, showing that y n is a strict minimizer of ϕ n , as asserted.
(iii) is an obvious consequence of (ii).
Thus we have constructed a minimizing sequence {y n } satisfying (i)-(iii).
Corollary 1.
Let E be a Banach space, ϕ : E → R be a differentiable function on E with finite lower bound, and {x n } be a minimizing sequence for ϕ. Then there exists a minimizing sequence {y n } in E for ϕ such that ϕ(y n ) ≤ ϕ(x n ) for each n and Dϕ(y n ) → 0 in E * .
Proof. By Theorem 9, there exists a minimizing sequence {y n } in E for ϕ such that for all n, ϕ(y n ) ≤ ϕ(x n ) and
For a given n, letting z = y n + v we obtain from ( * ) the estimate
and consequently
Thus, Dϕ(y n ) E * ≤ λ n for each n and, because λ n → 0, our assertion follows.
Remarks
(1) The Bishop-Phelps technique presented in Sections 2-5 originated in and evolved from the work of the above authors in the theory of support functionals in Banach spaces. Let E be a Banach space and X ⊂ E. A point x 0 ∈ X is a support point of X if for some f ∈ E * , called a support functional of X, we have f (x 0 ) = sup{f (x) | x ∈ X}. The following theorem was established by Bishop-Phelps [1] : Let C be a closed convex subset of E. Then (a) the support points of C are dense in the boundary ∂C of C, and (b) the support functionals of C are norm dense in the set {f ∈ E * | sup C f < ∞}.
In connection with the Bishop-Phelps theorem, we make the following comments:
(i) If Int(C) = ∅, then every x ∈ C is a support point of C; this follows at once from the Mazur separation theorem.
(ii) If C is the closed unit ball in E, then the set {f ∈ E * | f (x) = f for some x ∈ ∂C} is norm dense in E * ; this is a special case of the Bishop-Phelps theorem.
(iii) If C is the closed unit ball in E, then [each f ∈ E * is a support functional of C] ⇔ [the space E is reflexive] (theorem of James [11] ).
(iv) Let ϕ : E → R be convex and lower semicontinuous. Let
be the subdifferential of ϕ at x ∈ E. Because the elements of ∂ϕ(x) can be identified with support functionals of the closed convex epigraph epi(ϕ) ⊂ E × R of ϕ at (x, ϕ(x)), the Bishop-Phelps theorem leads to the following theorem: The set {x ∈ E | ∂ϕ(x) = 0} is dense in E. This important result (and, in fact, its "extended" version valid for functions ϕ possibly equal to ∞), is due to Brøndsted-Rockafellar [4] . (2) The order-theoretic Cantor theorem implies the usual Cantor theorem. Indeed, let {F n } n∈N be a decreasing sequence of nonempty closed sets in a complete metric space (X, d) (we can always assume F 0 = X) such that inf n∈N diam F n = 0. Let x y if x = y or there exists n ∈ N such that y ∈ F n and x ∈ F n . Then is compatible with the metric since T x = {x} if x ∈ ∩ n∈N F n and T x = {x} ∪ F n(x)+1 otherwise, where n(x) = max{n ∈ N | x ∈ F n }. Clearly, any maximal element belongs to ∩ n∈N F n .
(3) The theorem of Daneš can be proved by replacing the norm by a function ϕ : E → R ∪ {∞} which is l.s.c., coercive, bounded below and convex.
(4) The formulation of the Bishop-Phelps theorem is taken from [8] ; the result appeared in a different form in the survey by Phelps [14] written in 1971. For various interrelations between results related to the Bishop-Phelps theorem, the reader is referred to [6] and [13] .
